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Control Stability Analysis of Smart Beams with Debonded

Piezoelectric Actuator Layer

Dongchang Sun* and Liyong Tong’
University of Sydney, Sydney, New South Wales 2006, Australia

Debonding of a piezoelectric actuator or sensor layer in an actively controlled structure may significantly affect
its closed-loop control and even collapse the active control. Investigation of the effects of the debonded piezoelectric
layer on the control stability of smart structures is very important. A state-equation-based method is presented to
investigate the control stability of the beams controlled by partially debonded piezoelectric actuator and sensor
layers. An analytical model of a beam with a debonded piezoelectric layer is given, in which the debonding of
the piezoelectric layer is modeled by considering the adhesive layers. Both displacement continuity and force
equilibrium conditions are imposed at the interfaces between the debonded and perfectly bonded regions. Based
on this model, a characteristic equation for the controlled structure with debonded piezoelectric actuators and
sensor is derived, from which the eigenvalues of the controlled system can be obtained. The control stability of
a controlled mode can be evaluated by examining the sign of the real part of the corresponding eigenvalue. The
simulation results show that even a 5% edge debonding of the actuator layer can destabilize the cantilevered beam
controlled by an actuator/sensor pair, whereas a beam controlled by a self-sensing actuator layer can tolerate
much larger edge debonding of the piezoelectric layer. More significant changes can be found in both the damping
coefficient and the frequency of the mode whose frequency is close to one of the modal frequencies of the debonded

part of the actuator.

Nomenclature
a = coordinateof interface between bonded
and debonded regions
b = width of the composite beam
E = Young’s modulus
e3; = piezoelectric stress constant
fi = axialloads per unit length
fi = transverseloads per unit length
g = control gain
I = currentoutputof sensor
M = bending moment
Q = shear stress resultant
q = chargeoutputof sensor
T = normal stress resultant
u = longitudinaldisplacement
V= control voltage
w = transversedisplacement
A = eigenvalue
v = Poisson’s ratio
o = equivalentmass density

Subscripts and Superscripts

vl = upperbondinglayer
v2 = lower bonding layer
1 = actuatorlayer

2 = hostbeam

3 = sensorlayer

I. Introduction

‘ 7 IBRATION control of flexible structures using distributed
piezoelectric sensors and actuators has been extensively stud-
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ied in the past decade.!~” The new piezoelectric materials are ca-
pable of generating larger strain under a higher electric field. For
example, the piezoelectric single crystals can generate a high strain
up to 1.4% and can sustain very high electric fields up to the order of
10 MV/m without electric breakdown. Consequently, the possibil-
ity of debonding of the piezoelectric actuator from the host greatly
increases, particularly in dynamic circumstances. When debond-
ing between the piezoelectric actuator/sensor layers and the host
structures occurs, it will result in significant changes of the struc-
tures, particularly for closed-loopcase, and may even destabilizethe
closed-loop control. Thus, it is of great significance to investigate
the effects of the actuator debonding on dynamic and closed-loop
control of smart structures.

Recently,increasingattentionhas been paid to the dynamiceffects
caused by imperfect bonding of piezoelectric transducers on open-
loop and closed-loop systems. Seeley and Chattopadhyay®’ devel-
oped refined higher-order finite element models (FEM) of beams
and plates with debonded piezoelectric layers/patches and inves-
tigated the effects of the debonding of the piezoelectric actuators
on dynamic properties of the open- and closed-loop systems by
numerical analysis and experiment. Wang and Meguid!® examined
the effect of interfacial debonding of the actuator patch on stress
distribution based on singular integral equations. Tylikowski!! pre-
sented a bending-extensional model of a beam with edge debonded
piezoelectric patches. Tong et al.!?> developed another bending-
extensionalmodel by consideringboth peel and shear stresses in the
adhesivelayers and investigatedthe sensing and actuatingbehaviors
of the debonded sensor/actuator. Rew et al.!* provided a real-time
frequency estimation method to guarantee robust vibration control
of a delaminated beam by using a positive feedback controller.

Mostof the researchfocuseson the effects of the actuatordebond-
ing on the dynamic behavior of the smart structures for open-loop
and closed-loop cases. However, it may be of more concern if a
closed-loop system is still usable after the occurrence of an actua-
tor debonding without adjusting the original setup. One method of
judging the failure of a control system is to determine the stability
of the important modes. If one mode, which was originally stable
before the debonding occurs, becomes unstable after debonding,
the original system will be completely destroyed by the debond-
ing. Therefore, an effective scheme to determine the stability of the
system with a debonded actuator/sensor is needed.

In this paper, a method of determining the control stability of
a controlled beam with partially debonded piezoelectric actuator
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and sensor is presented. First, an analytical model of a beam with
debonded piezoelectriclayeris establishedin which both transverse
and longitudinal vibration of the host beam, the piezoelectric lay-
ers, and the adhesive layers are considered. The debonding of the
piezoelectriclayer is modeled by assuming that the adhesive layers
in the debondingregiondoes not transferany peel and shear stresses
between the host beam and the actuator layer. Both displacement
continuity and force equilibrium conditions are imposed at the in-
terfaces between the debonded and perfectly bonded regions. Then,
based on this model, a characteristic equation for the controlled
beam with debonded piezoelectric actuators and sensor is derived.
The eigenvalues obtained from the characteristic equation can be
used to determine if the controlled modes are stable after a debond-
ing of the actuator occurs. Finally, simulation examples are given to
evaluate the effect of an edge debonding of the actuator layer on the
control stability of a cantileveredbeam controlled by a proportional
and derivative (PD) controller.

II. Mathematical Model of Beam with Debonded
Actuator/Sensor Layer

Consider a slender composite beam with length L, on which two
piezoelectric layers are bonded onto its upper and lower surfaces
as actuator and sensor, respectively, as shown in Fig. 1. An edge
debonding between the piezoelectriclayer and the host beam is in-
troduced at the right end of the beam. It is assumed that the debond-
ing occurs throughoutthe width of the beam and the debonding front
lines are straightand perpendicularto the x axis. The adhesivelayers
are assumed to carry constant transverse shear and peel strains due
to their thinness. In the debonded region, it is assumed that there
is no stress transferring between the host beam and piezoelectric
actuator or sensor layer. In addition, contact and friction between
the two debonded surfaces are not considered for simplicity.

The equations of motion of the composite beam can be derived
14

as
orbhyuy,, =T, + bt (1a)

pibhyw, ,, = O, + bo, (1b)

M, +btih/2—0,=0 (1c)

pabhyuy =T, — bty + bty + fi(x,1) (2a)

pabhaw, = Qs — boy + boy + fi(x, 1) (2b)

M, +b(ti+13)h, /2 — 0, =0 (20)

psbhsus,, =T, — bty (3a)

p3bhyws , = Q3. — bos (3b)

M; . +bthy /2 — Q3=0 (3¢)

The axial stress resultants and bending moments for the actuator,
the host beam, and the sensor can be written as follows:

T\ = E\bhyu, , — bes V (1), M, = _(Elbh?/lz)wl.xx

L= Ebhu, M= (BB e, =23

)

When the constant shear and peel strain assumption is used, the
shear and peel stress in the adhesive layer are given by

Piezoelectric actuator Adhesive layer ~ Debonding region

X

Host beam

a I Sensor layer

Fig. 1 Beam with partially debonded piezoelectric actuator/sensor
layer.

E,; h, h,
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03

where k is a parameter describing the bonding condition.
Debonding:

k; =0, i=13 (6a)
Perfect bonding:
k=1, i=13 (6b)

Equation (6) indicatesthat the peel and shear stressesin the adhesive
layer are zero in the debonded regions.

III. Sensor Equation and Control Law

The electric charge accumulated on the electrodes of the sensor
layer due to the direct piezoelectric effect can be evaluated by

a L
q@) = / besjzus  dx + / besjzus  dx = bey3[us (L) — u3(0)]
0 a

(M

Equation (7) shows that the total charge output, which includes
the charges generated by the perfectly bonded and debonded parts,
measures the average stain of the entire beam.

When the charge is differentiated with respect to time, the current
output of the sensor can be obtained as

a L
I(t) = / besizus o dx +/ besizus  dx
0 a

= bey3[usz, (L) — u3,(0)] ®)

To perform the vibration control of the smart beam, the control laws
should be designed to determine the control voltage applied on the
piezoelectric actuators. Direct feedback control for the collocated
sensor and actuator is widely used. According to the PD controllaw,
the control voltage is simply designed as

V() = —81q9(1) — &1(1) ©)

where g, and g, are control gains.
When the following notations are introduced:

_pl? _h = E;
ni = E2 ) oy = s (i E2
i huj ﬂ Euj 1.3
i =7 $uj = ) v = ) J=1
2 ! h2 ! E2
X u; w;
s - L’ Upi ]’lz’ Wy = ]’12
T; i .
Tn[ = s Qn[ = Q ) L= 15 25 3
E2bh2 E2bh2
ni = La n = L EZhga Vn(tn) = 6311V(t)
E,bh2 /12 L2V 12p, E,h2
(10)
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Eqgs. (1-5) can be nondimensionalizedas
mlk,ziinl =T+ Ta, mlklzl.bnl = Quis +0n
Mnl.s + 60T, — (12/“2)Qn1 =0
mzk,zﬁnz =Tpe — T + T3+ fu, 1)

mzk,zl'f)nz = Qs —0n + 0,3+ [, 1)

Mz + 602(Ti + T3) — (12/a2) 02 = 0 (11)
m3k,2iin3 = Tn3.s — Tu3, m3k,2115n3 = Qn3.§ — Op3
Mn3.s + 60373 — (12/(¥2)Qn3 =0, T, = ﬂlalunl.é -V,
M, = _ﬂlﬁolalzwnl.ss» T, = ﬂ2a2un2..§
M, = —ﬂzwzagwnz.ss, T3 = ﬂ3(¥3”n3.s

M, = —ﬂ3§030f§wn3.ss
T = k171 [an — Uy + %(O{lwnl.s +(¥2wn2.s)]
T3 = kargs [”n3 — Uy + %(Olzwnz.s + (¥3wn3.s)]
On1 = kl"sl (Wn2 — Wy1),

O3 = k3"§3 (Wp3 — Wy2)

where the double dot represents the second derivation with respect
to nondimentional time #, and the parameters are defined as

o = @ids, m; = a;1;, oy = @0, i=1,2,3
_ 1—v o= 1
T =201 +v)’ T 21+’
k vj ku vj
raj=ﬁ, ré = ﬂf, j=13
o, 7 o)
Lf, Lf, 1 [Eh? o3
fnlz_l» fn1= - s k1=_2 22: 2
E,bh, E,bh, L 120, 12m,
(12)

When Egs. (7) and (8) are substituted into Eq. (9), the nondimen-
sionalized control voltage becomes

Vn(tn) = —&un1 [u3n(1) — Uz, (0)] - gn2[u3n(1) - u3n (0)] (13)
where g, and g,, are the nondimensional control gains given by

&n1 = gibesp €313/ Es, 8n2 = gabesi ez i3k, /E, (14)

‘When the state vector is introduced,

Y()C) = (unl» Tnl» Wpi, Wyl xs in» Mnl» Upo, Tn2» Wy,

Wy, xs Qn2» Mn2» Upz, Tn3» Wy3, Wp3 x» Qn3» Mn3)T
and only the applied voltage is considered, that is, f,; = f,, =0,
Eq. (11) can be rearranged in the following state form:

Y. =MY +AY +BV,, 0<&<1 (15)

where M € R'8 %18 is the mass matrix, A € R'8* 13 is the state matrix,
and B € R'® isthe vectorrelatedto the control voltage on the actuator
layer.

For the closed-loop system, when Eq. (13) is noted, the control
voltage V,, can be expressed as

Interface

Fig. 2 Continuity conditions
at the interface between the
perfectly bonded and debonded
regions. J 7

Debonded region
\ A

i —
1

Y€ = YE)

BV, (t,) = G\[Y(1) = Y(0)] + G,[Y(1) = Y(0)]  (16)

where (N}l and (N}z are 18 x 18 matrices. When Eq. (16) is substituted
into Eq. (15), the following equations of the closed loop system can
be obtained:

Y:=MY +AY + G [Y(1) - Y(0)]

+G,[Y(1) — Y (0], 0<&<1 17)

Equation (17) is the state form of the equations of motion of the
actively controlled beam with piezoelectric actuator/sensor layer
including debonding. The continuity and boundary conditions of
the beam are given next.

At the interface between the perfectly bonded and debonded re-
gions, the continuity conditionsof all displacementsand the equilib-
rium conditionsof the stress resultantsshould be imposed, as shown
in Fig. 2. All of these continuity conditions can be expressed as

v(e)=v(&) (18)
In general, the boundary conditions of the beam can be expressedas
DyY©0)+D. Y1) =D for vt, (19)

where D, € R18*18 D, € R'*18 and D € R'® are known matrices
and vectors correspondingto the given boundary conditions. When
the boundary conditions are homogeneous, D =0.

IV. Control Stability Analysis

To analyze the stability of vibration control of the beam with a
partly debonded actuator/sensor, assume that the state vector can be
separated as

Y(&,1,) = Y (&) exp(rt,) (20)

where Y (¢) is a functionof spatial variable £ and A is a characteristic
parameter (eigenvalue). Substituting Eq. (20) into Eq. (17) gives

Y. =AWY+GM[Y()-YO)], 0<&<1 (2D
where A(A) =A + A*M and G(A) =G, + AG,. Equation (21) be-
comes an ordinary differential equation with parameter A, which
is very complicated, particularly for the debonding case. For the
beam with perfectly bonded actuator (k; = 1) and debonded actua-
tor (k; = 0), respectively, state equation (21) has a different form,
that is,

Y =A WY +GM[Y()—Y(O)], 0<&<é&=a/L

Y =AY +GWIY() -V (©0)], & <&<1 (22)
The solutions of Eq. (22) can be expressed as
Y(E) =@, HY0) +F (L HIY() - Y(O)], 0<E&<E
Y() = ®,(1, & — £)Y(E) +FL (00, 6)[Y(1) — Y(0)]
E,<E<1 (23)

where the transition matrix ®; (1, £) and the matrices ¥, € R!8* 18
and W, € R * '3 are given by
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D; (2, ) = MF

§
Y, 8) = |:/ D (A, & —X)dX}G(?»)
0

§
Y., 8) = |:/ Dy(2, & —X)dX}G(?») (24)

&a

From Eq. (23), we have
Y(£,) =@, E)Y0) +F (1, £)[Y (1) — ¥Y(0)] (25)

Substituting Eq. (25) into the second equation in Eq. (23) yields

YE) =, HYO0) +F (L, O)Y1) —Y(O0)], 0<&<g,
Y(E) =@, 6Y0) +H,X, Y1) — YO, & <£&=<1
(26)

where
DA, 8) =Do(X, & —8)D (A, &)

Hy(,8) = [@:(1, & — ¥ (0, 8) + (0, )1 (6 > &)
(27

Equation (26) gives the solution to state equation (21) in terms of
Y (0), which can be obtained by the following procedure. The state
at the right end of the beam can be expressed from Eq. (26) as

Y(1) = @,(x, DY(0) + H, (A, D[Y(1) — Y(0)]  (28)

When the boundary conditions of the beam in Eq. (19) are noted
together with Eq. (28), the state vector at the two ends of the beam
can be solved by

|:d>d(k,1)—Hd(A,l) H,(, 1)—1“1?(0)}_{0} 29)
D, D, Y(1) “ b

For the homogeneous boundary conditions, the nontrivial solution
can be obtained only when

|:<IJd(A, H—-H;x,1) H;x,1)—1
det

:| =0 (30)
D, D,

Equation (30) is a transcendentalequation known as a characteristic
equationforthe closed-loopcontrolsystem, which can give complex
eigenvalues of the controlled beam. If all of the eigenvalues have
nonpositivereal parts, the control of the beam is stable.

In general, the elements in the characteristic determinant in
Eq. (30) may extremely large because the thin adhesive layer makes
the transition matrix over a long span ill conditioned. For example,
the elements of the transition matrix from the left end (§ = 0) to the
right (¢ = 1) may reach the order of 103, Therefore, although com-
pact characteristic equation (30) looks concise, it may not be used
directly to find the eigenvalues with satisfactory accuracy. To solve
this problem, we have to bridge the two ends of the beam with some
relay points so that the elements of the transition matrix between
the adjacent relay points are normal, as shown in Fig. 3. We have
to trade between the order of the characteristic determinantand the

g i SE Eim & & &y

E=Ea | d(=1-ta)

Fig.3 Relay points in the entire beam.

order of its elements. To this end, set m relay points between & =0
and & = &, in the part with the perfectlybonded actuator/sensorlayer
and n points between & =&, and £ =1 in the part with the debonded
actuator/sensor layer. When the relay points are denoted &y,
&2y ooy &y and &y, &, ..., &, respectively, Eq. (26) can be
changed to the following form:

Y(E1) =@, (MY 0) + )Y (1) — Y(0)]

Y(Ep) = @MY EL) + PnMY (1) — Y(0)]

Y (&) = @1, WY E o) + P (WIY (1) — Y(0)]
Y(E) =@, (WY E,) + P, WY1 — Y(0)]
Y(E) = @y (WY (E) + P W)Y (1) — Y(0)]

Y(E20) = @, (WY (£2, 1) + P, (W)Y (1) — Y(0)]
Y(1) = @, (MY (&,) + o WY (1) — Y (0)] (31)

where q)]j()\.), ‘P]j(}\.), ] = 1, 2, e,y and cDZj()\-), ‘sz(}\.), ] =
1,2, ..., n can be obtained from Eq. (24) by replacing & with the
distance between the adjacent points. Equation (31) together with
the homogeneous boundary conditions can be writen as follows:

RMWNZ=0 (32)

where  Z=[Y"(0), Y"(€n), ..., Y (Eumy, YT (). Y7 (521), ...,
Y7 (&), YT (1)]7 is the vector consisting of all of the state vectors
in the relay points, two ends, and the interface point and

R(}) =

_q) 1= ‘Pl 1 -1 ‘Pl 1
_‘PIZ @ 12 -1 ‘PIZ
_‘le 0 @ Im -1 ‘Pl m
_‘Pla 0 0] la -1 ‘Pla
_‘PZI 0 q)Zl =1 ‘PZI
_‘PZe 0 cDZe ‘PZe =1

L Dy 0 D,

(33)

Once again, to obtain the nontrivial solution of Z, the following
condition must be satisfied:

detfR(\)] = 0 (34)

Itis clear that Eq. (34) is the characteristicequation of the controlled
beam with a debonded piezoelectricactuator/sensor layer. Note that
the eigenvaluesobtained from Eq. (34) do not depend on the number
of the relay points m and n. In fact, when properties of the transition
matrices are employedand the state vectors at the relay points in Eq.
(31) are eliminated, one can obtain the same equations in Eq. (29).
Furthermore, by the introduction of the relay points in the span of
the beam, multiple debonding regions in the beam can be readily
dealt with.

V. Determination of Critical Debonding Length
The critical debonding length for a given controlled mode can
be defined as the maximum debonding length it can sustain before
loss of control. To investigate the tolerance of a given mode of the
beam to actuator debonding, its critical debonding length should be
determined.
Denote the ith eigenvalue as

)\.[ =n; + Qd[l (35)
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Fig. 4 Determination of critical debonding length at given damping
threshold.

where I =.,/—1 is the imaginary unit, n; is the active damping

coefficient, and €2, is the frequency of the actively damped beam.

Theoretically, when Eq. (20) is noted, the control stability of this

mode can be examined according to the following criteria.
Asymptotically stable:

n <0 (36a)
Stable (oscillation):

n =0 (36b)
Unstable:

n; >0 (36¢)

The real part n; for each mode is also an indicator of its stability de-
gree. A smallern; indicates the mode is more stable. Therefore, from
a practical viewpoint, it is usually expected that the controlled mode
is more stable, which means that it can decay faster than a desig-
nated rate. In other words, only when the active damping coefficient
is less than a given damping threshold n; <0, the corresponding
control of the mode is deemed acceptable, that is,
Control is acceptable:

n; = ng (373)
Control is not acceptable:
n; > ng (37b)

In this case, the satisfactorily controlled mode should exponentially
decay with a rate not less than e~!"sln,

When a debondingof the actuatoroccurs, bothreal and imaginary
parts of the eigenvalues of the beam will vary with the debonding
length. A typical curve of the real part of an eigenvaluevs debonding
length of the actuator is schematically given in Fig. 4. Because the
original closed-loop control is assumed to be stable, the real part n;
of each controlled mode approaches zero from an initial negative
value as the debonding length increases. For a given threshold n,
the critical debondinglength §.; for this mode can be found at which
its real part crosses the line n; = n; the first time, as shown in Fig. 4.
The critical debondinglength that the whole system can tolerate will
be the smallestone in the critical debondinglengths of all controlled
modes. Note that the stability of the additional modes induced by
the debondingis another key factor affecting the critical debonding
length of the beam when a debonding of the piezoelectric layer
occurs.

In practice, the natural damping is inevitable. In this case, both
the inherent damping and the active control will contribute to the
damping ratio n;. Because the natural damping always provides
positivedamping, the systemcan still be acceptableevenif the active
control provides negative damping due to the actuator debonding,
as long as Eq. (37a) can still be satisfied. Therefore, the natural
damping can enlarge the critical debonding length.

VI. Examples and Analysis
In this section, three examples are presented to examine the ef-
fects of edge debondings of the actuator layer on the control sta-
bility of the controlled beam using PD control. In the examples,
a cantilevered host beam with fully covered piezoelectric actuator

and sensor layers in its upper and lower surfaces is considered,
as shown in Fig. 1. The parameters are taken as v; =v;=0.34,
a, =0.007, By =B:=0.3, B, =B,3=0.01, 7, =13 =3.2 x 1077,
m=35x107, ¢ =¢;=04, ¢, =9¢,;= 1—14, B=¢p=1,
gu =0, and g,, =5.12 x 1073, The parameter k, can be calculated
as 34.16, which can be used to convert the nondimensional eigen-
values to corresponding physical ones using Eq. (10).

The method for stability analysisin this paperis developedbased
on the established model presented in Ref. 14, in which the mathe-
matical model has been validated by comparing the experimental
and numerical results given by Seely and Chattopadhyay® and an
equivalent model. The comparison shows that the frequencies ob-
tained by the current model are in good agreement with the exper-
imental and finite element results for both the perfect bonding and
the debondingcases. Moreover, it also shows that the first three peak
valuesin the frequency spectrumof a controlledbeam obtained from
this model is also in good agreement with those from an equivalent
model'* when the adhesive layers are very thin.

A. Edge Debonding in Actuator at Free End

To examine the effects of the edge debonding of the actuatorlayer
at the free end of the beam on the control stability of the cantilevered
beam, an edge debonding of the piezoelectric actuator layer is in-
troduced at the free end of the beam. For differentdebondinglength
8,5,10, 15,20, 25, and 30% of the undebonded actuator length, the
first nine eigenvalues of the closed-loop system whose frequencies
are less than 1000 are calculated from Eq. (33) and are listed in
Table 1. In addition, due to vibration of the debonded part of the
actuator layer, additional eigenvalues of the debonded portion of
the actuator whose frequencies are below 1000 are also determined
and given in Table 1. Each eigenvalue corresponds to one vibration
mode, whose real and imaginary parts are the damping coefficient
and frequency of this actively damped mode, respectively.

Because the real parts of the eigenvalues are used to determine
control stability of the their related vibration modes, they are plot-
ted in Fig. 5 vs different debonding lengths of the actuator layer.
As shown in Fig. 5 and Table 1, all of the first nine eigenvalues
of the controlled beam with perfectly bonded piezoelectricactuator
and sensor layers have negative real parts, which indicates that the
first nine modes of the closed-loop system are stable. In this case,
the eighth eigenvalue has the maximum real part, and this vibra-
tion mode decays most slowly, which means this mode can not be
effectively controlled. When a 5% edge debonding of the actuator
layer occurs at the free end of the beam, the real parts of all of the
first nine eigenvalues still remain negative, although their absolute
values become smaller. A 10% edge debonding of the actuator will
destabilize the control of the eighth and ninth modes of the closed-
loop system because the real parts of these two eigenvaluesbecome
positive. As the debonding length of the actuator increases further,
more lower-order modes of the controlled beam become unstable.
For example, control of the sixth mode is no longer stable when
a 15% edge debonding occurs, and the lowest unstable modes are
mode 5, 4, and 3 for 20, 25, and 30% debonding, respectively.

Figure 5 also shows thata lower mode can sustaina largerdebond-
ing, whereas a higher mode can only tolerate a smaller debonding.
For a zero damping threshold, n; = 0, the critical debonding length
for mode 4 is about 20%, and mode 9 can only sustain a debonding
less than 9%. The critical debonding length for the entire system
is determined by the minimum one of all of the critical debonding
lengths for all controlled modes. For example, when the first nine
modes are controlled, the critical debonding length that the whole
system can sustain is about 6%, above which the control of mode 8
will become unstable. In this case, the original closed-loop control
will collapse if no measure is taken to prevent it from happening or
to remedy the system.

To examine the stability of the controlled beam with a partially
debondingactuator, in addition to the modes of the composite beam
with debonded actuator, the additional modes due to vibration of
the debonded portion of the actuator must be considered. In fact,
the additional modes may be more critical in judging the stability
of the closed-loop system because the original control system was
designed to control the original system and may act as an excitation
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Table1 Eigenvalues of the controlled beam with actuator and sensor pair and additional eigenvalues caused by the edge debonding
of the actuator at the free end

Debonding length, %

0 5 10

15

20

25

30

—0.0949£4.1811 —0.0948+4.1807 —0.0947+4.180/ -
—1.1305£26.0741 —1.12344+26.0571 —1.0914+25.9817 -
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Fig.5 Real parts of the eigenvalues of the controlled beam with differ-
ent debonding lengths of the actuator layer: O, debonding at free end
and A, debonding at the root end.

to the debondedpartof the actuator when a debondingof the actuator
occurs. In return, when the vibration of the debonded portion of
the actuator becomes unstable, it then has an adverse effect on the
vibration control of the whole beam system. It can be seen from
Table 1 that there exists at least one unstable additional mode with
different debonding length. Even for a 5% edge debonding of the
actuator layer, the first additionalmode appearsas an unstablemode,
the eigenvalue of which has a positive real part.

When the additional modes due to vibration of the debonded por-
tion of the actuator are considered, the critical debonding length the
whole system can tolerate may further decrease. For example, the
first nine modes can sustain up to a 6% edge debonding of the actu-
ator layer, but the additional mode cannot tolerate a 5% debonding.
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Fig.6 Nondimensionalfrequencies of the controlled beam with differ-
ent debonding lengths of the actuator layer: O, debonding at free end
and A, debonding at the root end.

Moreover, when a modal frequency of the composite beam is close
to an additional modal frequency, its damping coefficient (real part
of the related eigenvalue) is altered significantly. Therefore, the sta-
bility of the debonded part of the actuator may play a special role
in determining the control stability of the whole system.

The relationship of the frequencies of the actively damped beam
and the debondinglength of the actuatorlayeris presentedin Fig. 6.
Figure 6 shows thatthe edge debondingof the actuatorat the free end
of the clamped beam has a remarkable effect on the frequencies of
the controlled beam. Moreover, the vibration mode of the debonded
portion of the actuator layer has a special effect on the frequencies
of the modes whose frequencies are close to it. In general, the fre-
quency of each additionalmode lies between two consecutivemodal
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Table 2 Eigenvalues of the controlled beam with self-sensing actuator and additional eigenvalues caused by edge debonding
of the actuator at the free end

Debonding length,%
Mode
no. 0 5 10 15 20 25 30
1 —0.0958 £3.8691 —0.0957£3.8681 —0.0954£3.86871 —0.0944 £3.8671 —0.0925+£3.8611 —0.0887+3.8451 —0.0820+3.8057
2 —1.1042£24.471 —1.0749£24.5071 —1.0046 £24.4691 —0.7902+23.9231 —0.714654+27.0031 —0.6255£25.6181 —0.4081+£24.9311
3 —2.2468 £69.1451 —1.9385+£69.131/ —1.0405 £ 66.0951 —0.9576£70.5171 —0.3639£68.124/ —0.0295+64.6841 —0.0074+66.9421
4 —2.5036£135.531/ —1.8285£134.710/ —1.0609£137.366]  —0.2447+132.1451 —0.0028 £135.082]  —0.1346+£128.463]  —0.2664+127.5681
5 —2.0224£222.6691 —1.1961£218.9491  —0.4364+£220.876 —0.0106+£203.1411 —0.1509£213.1071  —0.1953£210.236/ —0.1316£213.811/
6 —1.3487£330.162]  —0.5619£345.910/ —0.0779£323.137]  —0.0688£320.3671 —0.1857£316.876/  —0.0885£319.338/  —0.0000+320.884/
7 —0.6854£457.7111  —0.3558 £462.792  —0.0040£436.666]  —0.1272+£445.3121 —0.0976 £447.955I  —0.0006£451.931/  —0.0722+£438.001/
8 —0.1518£604.7931  —0.0698 £607.967]  —0.0062£599.118]  —0.0102£624.1771 —0.0043£587.685]  —0.0363+£585.357]  —0.0414+589.820/
9 —0.0783£770.152I  —0.0415£773.0171  —0.0088£761.540]  —0.0234£763.0471 —0.0003£758.322]  —0.0127£761.2911  —0.0016£762.7621
Al —_— —0.0731£298.5231  —0.3139+£85.3425]  —0.0954+£37.9721 —0.0863£19.57071  —0.0001£13.411/ —0.0098+9.6391
A2 —_— —_— —0.0200£487.300/  —0.0156£227.9631 —0.0155£117.355I —0.0284+£80.590/ —0.0151+£53.4981
A3 —_— —_— —_— —0.0520+586.5441 —0.0135£352.486 —0.0490£228.726  —0.0051+£157.5331
A4 —_— —_— —_— —_— —0.0023 £670.981 —0.0046£421.9291  —0.0054+£295.4291
A5 —_— —_— —_— —_— —_— —0.0003£718.482  —0.0002+505.4121
A6 —_— —_— —_— —_— —_— —_— —0.0002+732.1701
Table 3 Eigenvalues of the controlled beam with actuator/sensor layers and additional eigenvalues caused by edge debonding
of the actuator at the clamped end
Debonding length, %
Mode
no. 0 5 10 15 20 25 30
1 —0.0844 £4.0991 —0.0639£3.9231 —0.0504£3.7981 —0.0402+£3.7011 —0.0323£3.6241 —0.0260£3.5641 —0.0209+3.5187
2 —1.2689£25.5911 —1.5346£24.806/ —1.6878 £24.5311 —1.7684£24.4671 —1.7746£24.4791 —1.7025+24.4631 —1.5497+24.3431
3 —2.1465£71.3561 —1.3015£70.1541 —1.0961£70.0491 —1.2477£69.9221 —1.6598 £69.1507 —1.9154£66.4251 —2.7351+70.2841
4 —5.3924+£137.3301  —7.3418+£134.3311 —7.3900£134.4311 —5.9456£134.074] —3.9672£139.976]  —2.4994+136.438] —1.3170% 135.6091
5 —2.4939+£229.384]  —1.4895+£228.405] —2.2361£226.608] —2.2452+£205.270] —6.8872£221.448] —6.0173£216.510/ —9.0044+222.9261
6 —3.4715+338.6391 —4.8924+333.768] —3.5910+332.685] —1.9160+338.803/ —0.6843+£333.705/ —1.8979+339.1951 —5.1529+332.7321
7 —0.4282+£480.0731  —0.3338£477.842] —0.8758£448.6791 —2.0664+£468.014] —2.3766+£470.616] —1.3787+£472.4141 —0.3514+466.4571
8 —0.0134£638.805/ —0.0174£635.204/ 0.0147+636.9301 0.0677+642.0981 0.0066+627.4791  —0.0492+622.6041 0.0458+ 626.1801
9 —0.4246+£820.432]  —0.6032£816.202] —1.7240£819.067]  —2.2557+£822.074] —1.7714£811.8411 2.1029+806.5371  —11.3471£796.8851
Al —_— 0.01224+287.9271  —0.0016+75.9231 0.0007+34.3581 —0.0003 £ 19.50271 0.0000+12.5501 0.0000+ 8.7481
A2 —_— —_— —0.2559£499.750f  —2.3482+£234.5511 —0.5519£118.361/ —0.4522+£81.296/ —0.4159+53.5491
A3 —_— —_— —_— —0.0033£606.689  —0.3452£355.552  —3.1997+£229.2791 —0.2223+157.6871
A4 —_— —_— —_— —_— 0.0066+676.0021  —0.0744+430.3351 —0.7948+299.538/1
A5 —_— —_— —_— —_— —_— —0.1118£722.226/ —0.0693+ 506.666/
A6 —_— —_— —_— —_— —_— —_— 0.1264+744.0411

frequencies of the composite beam, and in most cases, it makes the
lower one even lower and the higher one even higher. For example,
the first additional mode for a 10% edge debonding (frequency is
84.364) lies between the third and fourth modes of the beam. It sup-
presses the frequency of the former one from about 72.3 to 69.2 and
pushes that of the latter one from 140.3 up to 142.6. This clearly
shows that the frequencies of the beam are not simply decreased
due to the stiffness reduction of the beam caused by the actuator
debonding.

B. Edge Debonding in Self-Sensing Actuator at Free End

As a comparison, the control stability of a cantilevered beam
controlled by a self-sensing actuator layer is investigated. The
parameters for the host beam and piezoelectric layer used in this
case are the same as those in Sec. VI.A. The first nine eigenvalues
of the controlled beam with differentedge debondinglengths in the
actuator are presented in Table 2. In addition, the additional eigen-
values related to the vibration of the debonded part of the actuator
are also given in Table 2. As shown in Table 2, not only the first
nine modes of the controlled beam but also the additional modes
are stable after a debonding of the self-sensing actuator occurs at
the free end of the beam. Because the sensor and the actuatorare still
really collocated after a debonding, the control system can remain
stable. The control system using a self-sensingactuatoris tolerantto
the debonding of the actuator. However, if the threshold n; is taken
as —0.005, the critical debonding length of the entire system will
be less than 10% because the control of seventh mode will not be
acceptable when a 10% debonding occurs.

C. Edge Debonding in Actuator at Clamped End
Finally, we examine the effect of actuator debonding at the
clamped end on the control stability of the beam. In this case, both

ends of each piezoelectric layer are free. The eigenvalues of the
composite beam for different debonding lengths are calculated and
givenin Table 3, and the curves of their real and imaginary parts vs
debonding length are also shown in Figs. 5 and 6, respectively. It
can be clearly seen that the edge debonding of the actuator layer at
the root of the beam has much less influence on the control stability
of the first nine modes than the debondingat the free end. All of the
first nine modes, except mode 8, can toleratea 25% edge debonding
located at the clamped end of the beam. This is probably because
the debonded part of the actuator near the root does not vibrate as
strongly as it does at the free end, and consequently, it has weaker
effects on stability of the controlled modes. However, unstable vi-
bration modes may be induced by vibration of the debonded part
of the actuator. For example, even a 5% debonding can induce an
unstable mode of the debonded part of the piezoelectric actuator.
When the debonding length of the piezoelectric actuator increases,
it may lead to more unstable modes in the vibration of the debonded
actuator part. Once again, this example also shows that the effects
of the debonded part of the actuator may be critical to the control
stability of the whole control system when an edge debonding of
the actuator occurs.

When Tables 1 and 3 are compared, it can be seen that the debond-
ing near the clamped end of the beam can cause much more signif-
icant change in the damping and frequencies than that near the free
end. For example, a 30% debonding at the free end results in only
a small reduction in damping of the first two modes, whereas a
debonding with same length at the clamped end causes a large re-
duction in damping of the first mode due to the large strain at the
clamped end of a cantilever beam. In addition, the debonding at
the fixed end leads to an increase in damping of the second, third,
fifth, and sixth modes, probably because the shape of the debonded
actuator matches these modes more closely.
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VII. Conclusions

A scheme for control stability analysis of smart beams with
debonded piezoelectric actuator is presented. Based on an 18-
dimensional state equation derived from a detailed bending-
extension model, a characteristic equation of the beam controlled
by partially debonded piezoelectricactuator layer and sensor is de-
rived. The control stability of the controlled mode can be examined
by inspecting the real part of its correspondingeigenvalue obtained
from the characteristic equation. The critical debonding length
for each controlled mode can also be determined from its damp-
ing coefficient-debonding length relationship at a given damping
threshold. The simulation results show thateven a 5% edge debond-
ing of the actuator layer can destabilize the cantilevered beam con-
trolled by a fully covered piezoelectric actuator and sensor that are
bonded onto the upper and lower surfaces of the host beam, respec-
tively. Itis also found that the beam controlledby a self-sensingactu-
ator layeris tolerantto the edge debondingof the piezoelectriclayer.
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